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TOPOLOGY OF MODULI SPACES OF FRAMED SHEAVES
GHARCHIA ABDELLAOUI
Abstract. In this paper we show that the moduli space of framed torsion-free
sheaves on a certain class of toric surfaces admits a filtrable Bia lynicki-Birula de-
composition determined by the torus action. The irreducibility of this moduli
space follows immediately as a corollary. Moreover, using its filtrable decomposi-
tion we show that the moduli space shares the same homotopy type of an invariant
proper compact subvariety having the same fixed points set.
We start our study from the moduli space of framed torsion-free sheaves on the
projective plane. Afterwards, we generalize the results to toric surfaces under a
few assumptions.
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1. Introduction
The decomposition of algebraic varieties determined by a torus action was intro-
duced in [1] for non-singular complete varieties acted on algebraically by a torus
with a non-empty fixed points set. These decompositions are often referred to as
the Bia lynicki-Birula decompositions. In [16] Konarski generalized the results of
Bia lynicki-Birula to the case of a complete normal variety and in addition he ad-
dressed the case of non-normal varieties.
Bia lynicki-Birula’s decompositions play an important role in the study of topo-
logical properties of moduli spaces acted on by a torus. In the present paper we
study some of these properties for moduli spaces of framed torsion-free sheaves.
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2 GHARCHIA ABDELLAOUI
In section 2 we review some results on the moduli space M(r, n) studied in [19, 20,
21]. This moduli space admits a projective morphism to the moduli space M0(r, n)
of ideal instantons on S4. Both M(r, n) and M0(r, n) admit a torus action under
which the projective morphism from M(r, n) to M0(r, n) is equivariant. It is possible
then to define a subvariety pi−1(n[0]) of M(r, n) which is invariant under the torus
action. We prove this subvariety is irreducible using the fact that it is isomorphic
to punctual quot scheme.
In section 3 we will review some results of Bia lynicki-Birula [1, 2] and translate
them to the case of quasi-projective varieties under the assumption that the limits
exist (Section 3.2).
Following the results of section 3, we show in section 4 that M(r, n) admits a
Bia lynicki-Birula plus-decomposition and the union of the minus-cells builds up
pi−1(n[0]). Moreover, these decompositions are filtrable.
In section 5 we show that the inclusion of pi−1(n[0]) into M(r, n) induces isomor-
phisms of homology groups with integer coefficients. Furthermore, we show that
this inclusion induces a homotopy equivalence between M(r, n) and pi−1(n[0]), see
Theorem 5.6.
In [20, Theorem 3.5(2)], Nakajima and Yoshioka stated that M(r, n) is homotopy
equivalent to the proper subvariety pi−1(n[0]) but the proof is rather obscure since
it refers to papers which seem not to contain the claimed arguments. We then find
interesting to give a detailed proof of the homotopy equivalence.
In section 6 we generalize this study to the moduli space M(S) of framed sheaves
on a toric surface S where we assume that there exists a projective morphism of toric
surfaces p : S → P2 of degree 1. We show that M(S) admits a Bia lynicki-Birula
plus-decomposition and the union of the minus-cells builds up a proper compact
subvariety N˜ ⊂M(S). Using this result we prove that M(S) is homotopy equivalent
to the compact subvariety N˜ , see Theorem 6.16.
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2. Generalities on the moduli space of framed torsion-free sheaves
on the projective plane
Most of the material in this section can be found in [19, 20, 21]. Let M(r, n) be
the moduli space of framed torsion free sheaves on P2 with rank r and second Chern
class n parametrizing isomorphism classes of (E , φ) such that
(1) E is a torsion free sheaf on P2 of rank r and second Chern class n. E is locally
free in a neighborhood of `∞.
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(2) φ : E |`∞
∼=−→O⊕r`∞ framing at infinity,
where `∞ = {[0 : z1 : z2] ∈ P2} is the line at infinity. We say two framed sheaves
(E , φ), (E ′, φ′) are isomorphic if there exists an isomorphism ψ : E → E ′ such that
the following diagram commutes
E |`∞ E ′|`∞
O⊕r`∞
ψ|`∞
φ φ′
M(r, n) is known to be a nonsingular quasi-projective variety of dimension 2nr.
Let M reg0 (r, n) ⊂ M(r, n) be the open subset of locally free sheaves. We define
the Uhlenbeck (partial) compactification of M reg0 set theoretically as follows
M0(r, n) :=
n⊔
k=0
M reg0 (r, n− k)× Symk C2,
where Symk C2 is the k-th symmetric product of C2.
We recall that there exists a description of M(r, n) by a quotient of linear data
(B1, B2, i, j) by the action of GLn(C) such that
(i) [B1, B2] + ij = 0, (1)
(ii) there exists no subspace S ( Cn such that Bα(S) ⊂ S (α = 1, 2) (2)
and im i ⊂ S,
where B1, B2 ∈ End(Cn), i ∈ Hom(Cr,Cn), j ∈ Hom(Cn,Cr) and for g ∈ GLn(C)
the action is given by
g · (B1, B2, i, j) = (gB1g−1, gB2g−1, gi, jg−1).
M0(r, n) can be endowed with a scheme structure by the following description
M0(r, n) ∼= {(B1, B2, i, j) | [B1, B2] + ij = 0} / GLn(C), (3)
where / denotes the GIT quotient and the open locus M reg0 (r, n) consists of the
closed orbits such that the stabilizer is trivial.
The moduli spaces M(r, n) and M0(r, n) are related by the following projective
morphism
pi : M(r, n)→M0(r, n) (4)
(E , φ) 7→ ((Eˇˇ , φ), Supp(Eˇˇ/E )) ∈M reg0 (r, n− k)× Symk C2,
where Eˇˇ is the double dual of E and Supp(Eˇˇ/E ) is the topological support of
Eˇˇ/E counted with multiplicities.
For k = n, M reg0 (r, 0)× SymnC2 ' SymnC2 since M reg0 (r, 0) consists of one point
that is the isomorphism class of the pair O⊕rP2 together with the trivial framing.
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Consider the point n[0] ∈ SymnC2 that is the point 0 ∈ C2 counted n times. The
inverse image of n[0] by pi is defined as follows
pi−1(n[0]) = {(E , φ) | Eˇˇ ' O⊕rP2 , Supp(O⊕rP2 /E ) = n[0]}/ ∼= .
pi−1(n[0]) is a compact subvariety of M(r, n) since pi is proper.
Theorem 2.1 ([20, Theorem 3.5 (1)]). pi−1(n[0]) is isomorphic to the punctual
quot-scheme Quot(r, n) parameterizing zero dimensional quotients O⊕rP2 → Q with
Supp(Q) = n[0].
Proof. Given a point in
pi−1(n[0]) =
{
(E , φ)
∣∣ Eˇˇ ' O⊕rP2 , Supp(O⊕rP2 /E ) = n[0]}/ ∼=
one has the exact sequence
0→ E → O⊕rP2 → O⊕rP2 /E → 0.
Thus the quotient O⊕rP2  O
⊕r
P2 /E is a point in the punctual quot-scheme defined by
Quot(r, n) :=
{
O⊕rP2  Q |SuppQ = n[0]}
/ ∼= .
Conversely, given a point in Quot(r, n), let K := ker(O⊕rP2  Q in Quot(r, n)).
We have the exact sequence
0→ K → O⊕rP2 → Q → 0.
K is torsion free since it injects into a locally free sheaf. By using Lemma A.1,
it follows that K ˇˇ ' O⊕rP2 . Notice that Q is supported on the point 0 ∈ P2 so it
vanishes on P2 \{0}. In particular, Q|`∞ vanishes and the exact sequence reduces to
0 −→ E |`∞
∼=−−→ O⊕r`∞ −→ 0.
This isomorphism defines the framing φ. The pair (E , φ) is a point in pi−1(n[0]). 
Theorem 2.2. pi−1(n[0]) is irreducible projective of dimension n(r + 1).
Proof. The quot scheme is projective [15, Theorem 2.2.4] and irreducible of dimen-
sion n(r+1) [15, Theorem 6.A.1]. Hence by Theorem 2.1, pi−1(n[0]) is an irreducible
projective variety of dimension n(r + 1) as well. 
2.1. The Torus action. We will follow the same notations as in [20]. Let T˜ :=
C∗×C∗× T where T is the maximal torus in GL(r,C). The action of T˜ on M(r, n)
is defined as follows.
For (t1, t2) ∈ C∗ × C∗ let Ft1,t2 be the automorphism of P2 defined by
Ft1,t2([z0 : z1 : z2]) := [z0 : t1z1 : t2z2]
and for (e1, . . . , er) ∈ T let Ge1,...,er be the isomorphism of O⊕r`∞ defined by
Ge1,...,er(s1, . . . , sr) := (e1s1, . . . , ersr).
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Then the action of T˜ on a pair (E ,Φ) ∈M(r, n) is defined by
(t1, t2, e1, . . . , er) · (E ,Φ) :=
(
(F−1t1,t2)
∗E ,Φ′
)
where Φ′ is given by:
(F−1t1,t2)
∗E |`∞
(F−1t1,t2 )
∗Φ−−−−−−→ (F−1t1,t2)∗O⊕r`∞ −→ O⊕r`∞
Ge1,...,er−−−−−→ O⊕r`∞
The T˜ action is defined in a similar way on M0(r, n) and the map pi given in (4)
is equivariant.
One can define the torus action on M(r, n) and M0(r, n) using the description by
the linear data defined in section 2. This action is given by
(B1, B2, i, j) = (t1B1, t2B2, ie
−1, t1t2ej)
where t1, t2 ∈ C∗ and e = (e1, e2, . . . , er) ∈ Cr. This action preserves the conditions
(1), (2), and commutes with the action of GL(r,C).
Theorem 2.3 ([21, Proposition 2.9]).
(1) The fixed points set M(r, n)T consists of finitely many points.
(2) The fixed points set M0(r, n)
T consists of a single point n[0] ∈ SymnC2.
Remark 2.4. From Theorem 2.3 it follows that pi−1(n[0]) contains all the fixed points
of M(r, n) since pi is equivariant.
3. Decomposition of a variety determined by an action of a torus
Let X be a non-singular algebraic variety (not necessarily complete) over C and
let C∗ be the multiplicative group. Assume C∗ acts algebraically on X with a non-
empty fixed points set XC
∗
. Let F1, . . . , Fs be the connected components of X
C∗ .
For any x ∈ X, one has the orbit morphism
φx : C∗ → X (5)
t 7→ t · x.
3.1. Case of complete varieties. When X is complete the morphism (5) extends
to
φx : P1 → X
t 7→ t · x,
defining the limits φx(0) = limt→0 t · x and φx(∞) = limt→∞ t · x, see [2].
Let us define the following subsets of X
X+i := {x ∈ X | lim
t→0
t · x ∈ Fi}, i = 1, . . . , s.
X−i := {x ∈ X | lim
t→∞
t · x ∈ Fi}, i = 1, . . . , s.
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These form a decomposition of X into subspaces X =
⋃
iX
+
i =
⋃
iX
−
i , the so called
plus and minus-decompositions [2]. The subsets X+i and X
−
i are locally closed by
[1, Theorem 4.1].
Now assume the fixed points set is finite. Then the Bia lynicki-Birula theorem [1,
Theorem 4.3] can be stated as follows
Theorem 3.1. Let X be a complete variety and let the fixed points set be XC
∗
=
{x1, . . . , xs}. For any i = 1, . . . , s there exists a unique C∗-invariant decomposition
of X, X =
⋃s
i=1X
+
i (resp. X =
⋃s
i=1X
−
i ) such that
(1) xi ∈ X+i (resp. xi ∈ X−i ),
(2) X+i (resp. X
−
i ) is isomorphic to an affine scheme,
(3) for any xi, Txi(X
+
i ) = Txi(X)
+(resp. Txi(X
−
i ) = Txi(X)
−).
Definition 3.2. A decomposition {X+i } (resp. {X−i }) is said to be filtrable if there
is a decreasing sequence of closed subvarieties
X = X1 ⊃ X2 ⊃ · · · ⊃ Xs ⊃ Xs+1 = ∅,
such that the cells of the decomposition are X+i = Xi \Xi+1 (resp. X−i = Xi \Xi+1)
for i = 1, . . . , s.
Remark 3.3. (1) X+i = Xi \Xi+1 ⊂ Xi and Xi is closed in X so the closure X+i
of X+i lies in Xi = ∪j≥iX+j . Hence a filtrable decomposition implies that for
each i
X+i ⊂
⋃
j≥i
X+j . (6)
Notice that (6) also holds for the minus decomposition.
(2) A filtrable decomposition yields the existence of a unique cell of maximal
dimension X+1 (resp. X
−
1 ) since its complement X2 is closed in X.
(3) Bia lynicki-Birula’s decompositions of projective varieties are filtrable [2, The-
orem 3].
Example 3.4. (1) Let X = Pl with the following C∗-action
ω : C∗ × Pl −→ Pl
(t, (x0 : x1 : · · · : xl)) 7−→ (tlx0 : tl−1x1 : · · · : xl),
The fixed points set of this action is given by
(Pl)C∗ =
{
x0 = (1 : 0 : · · · : 0), . . . , xl = (0 : 0 : · · · : 1)
}
,
and the corresponding plus-cells are X+0 = {x0}, X+1 = A1, . . . , X+l = Al.
Then the Bia lynicki-Birula plus-decomposition for Pl determined by the ac-
tion ω is Pl = {(1 : 0 : · · · : 0)}∪A1∪· · ·∪Al. This decomposition is filtrable.
Indeed Pl has a filtration Pl = Xl ⊃ Xl−1 ⊃ · · · ⊃ X0 ⊃ X−1 = ∅ where
Xi = X
+
i ∪X+i−1.
Similarly, one can define the Bia lynicki-Birula minus-decomposition of Pl.
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(2) A less elementary example is the Bia lynicki-Birula decomposition of the
Hilbert scheme Hilbd(P2) of d points in P2. This was done in detail in [10].
3.2. Case of non-complete varieties. Suppose X is not complete and limt→0 t ·x
exists for every x ∈ X. In this case, the morphism (5) extends to C
φ′x : C→ X
t 7→ t · x,
where φ′x(0) := limt→0 t · x.
For i = 1, . . . , s one can define the subsets X+i := {x ∈ X | limt→0 t · x ∈ Fi} which
form a decomposition of X into subspaces X =
⋃
iX
+
i [2]. The cells X
+
i are locally
closed by [1, Theorem 4.1]. By the same theorem [1, Theorem 4.1] and since the
variety is non-singular the cells of the decomposition are non-singular as well.
Now suppose X as above is quasi-projective and the fixed points set is finite. The
cells of the decomposition are isomorphic to affine spaces by Theorem 3.1. Under
these assumptions the following theorem holds.
Theorem 3.5. The Bia lynicki-Birula plus-decomposition of X is filtrable.
Proof. According to [24, Theorem 1] there exists an equivariant projective embed-
ding X → Pl for some l.
Consider the action of C∗ on Pl and let (Pl)C∗ = {x1, . . . , xq} be the finite set of
fixed points. Let {Pj} be the Bia lynicki-Birula plus-decomposition of Pl. Then the
fixed points set of X is the intersection
XC
∗
= (Pl)C∗ ∩X = {xσ(1), . . . , xσ(q)},
and the cells of the decomposition are X+σ(j) = X ∩ Pj.
Since the decomposition {Pj} is filtrable we consider the following filtration
Pl = Y1 ⊃ Y2 ⊃ · · · ⊃ Yq ⊃ Yq+1 = ∅,
where Pj = Yj \ Yj+1 for j = 1, . . . , q. Then
X+σ(j) = X ∩ Pj = X ∩ (Yj \ Yj+1) = (X ∩ Yj) \ (X ∩ Yj+1) = Xσ(j) \Xσ(j+1),
where Xσ(j) := (X ∩ Yj) for j = 1, . . . , q and Xσ(j+1) ⊂ Xσ(j). Notice that for each
j, Xσ(j) = X ∩ Yj ⊂ X is a closed subvariety of X since Yj is a closed subvariety of
Pl. It follows that the plus-decomposition of X is filtrable. 
Remark 3.6. Theorem 3.5 is also true in the case the fixed points set is not finite.
The proof is basically the same.
The same holds if instead of considering the existence of the limit limt→0 t · x, one
considers the existence of the limit limt→∞ t · x.
If we have an action of an n-dimensional torus the Bia lynicki-Birula decomposi-
tions enjoy the same properties as above by the following lemma.
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Lemma 3.7. Suppose X is a normal algebraic variety endowed with a linear action
of a torus T. Suppose the T -action gives rise to a nontrivial set of fixed points XT .
Then there exists a one-parameter subgroup λ ∈ Y (T ) such that Xλ = XT .
Remark 3.8. Such a one-parameter subgroup is called regular.
Proof. By [24, Corollary 2] X can be covered by a finite number of affine T -invariant
open subsets. So we may assume that X is affine hence a closed subvariety of Al for
some l. Since the torus T acts linearly on Al we will assume X = Al. Call the weights
of T in Al by χ1, . . . , χl, then it is enough to choose a one-parameter subgroup λ
such that < χi, λ > 6= 0 for all i. 
4. Decompositions of M(r, n) and pi−1(n[0]) determined by the torus
action
In this section, following the results of section 3 we show that both M(r, n) and
pi−1(n[0]) admit a filtrable Bia lynicki-Birula decomposition. By Lemma 3.7, it is
enough to consider the action of a regular one-parameter subgroup. From now on
we will consider the action of C∗ on M(r, n) and on pi−1(n[0]).
Proposition 4.1. For every element x ∈ M(r, n), the limit limt→0 t · x exists and
lies in M(r, n)C
∗
.
Proof. Using the description (3) of M0(r, n), there exists a one-parameter subgroup
of T˜ such that for all x in M0(r, n), the limit limt→0 t ·x exists and is (B1, B2, i, j) =
(0, 0, 0, 0). The point (B1, B2, i, j) = (0, 0, 0, 0) is identified by the description (3)
with the point n[0] ∈ SnC2 which is the only fixed point of M0(r, n). Since pi is
a projective morphism, for all x in M(r, n) the limit limt→0 t · x exists and lies in
pi−1(n[0]). In particular, it is a fixed point. 
Theorem 4.2. M(r, n) admits a Bia lynicki-Birula plus-decomposition into affine
spaces. Moreover, this decomposition is filtrable.
Proof. By Proposition 4.1, the limit limt→0 t ·x exists and is a fixed point. It follows
that the orbit morphism
φx : C∗ →M(r, n)
t 7→ t · x
extends to
φ′x : C→M(r, n)
t 7→ t · x,
where φ′x(0) := limt→0 t ·x. Hence M(r, n) admits a Bia lynicki-Birula decomposition
into affine spaces by Theorem 3.1. This decomposition is filtrable by Theorem 3.5
since M(r, n) is quasi-projective. 
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Let M(r, n)C
∗
= {xi | i = 1, . . . ,m} and denote the cells of the decomposition by
M+i := M(r, n)
+
i = {x ∈M(r, n) | lim
t→0
t · x = xi}.
The limit limt→∞ t ·x does not exist for all x ∈M(r, n). We will only consider the
points of M(r, n) such that the limit exists. These points define the subspaces
M−i := M(r, n)
−
i = {x ∈M(r, n) | lim
t→∞
t · x exists and equals xi}.
Theorem 4.3. The subvariety pi−1(n[0]) is the union pi−1(n[0]) =
⋃
iM
−
i . Moreover,
this is a filtrable decomposition of pi−1(n[0]) into affine spaces.
Proof. The proof of the first claim can be found in [20, Theorem 3.5(3)]. In fact,
for any x 6= n[0] in M0(r, n) the limit limt→∞ t · x does not exist. Hence by the
projective morphism (4) we deduce pi−1(n[0]) =
⋃
iM
−
i . To show this is a filtrable
decomposition we apply the proof of Theorem 3.5 to the equivariant embedding
pi−1(n[0]) ↪→ Pl obtained by composing the equivariant embeddings pi−1(n[0]) ↪→
M(r, n) and M(r, n) ↪→ Pl. Finally, regarding the M−i ’s as subspaces of M(r, n) and
using [1, Theorem 4.1(b)], we conclude they are isomorphic to affine spaces. 
Remark 4.4. The subvariety pi−1(n[0]) being isomorphic to the punctual quot scheme
is not smooth. Still the Bia lynicki-Birula decompositions for pi−1(n[0]) exist. From
[24, Theorem 1] together with [24, Lemma 8] it follows that for any x ∈ M(r, n)
there exists an equivariant embedding of some neighborhood of x into Pl. Hence for
any x ∈ pi−1(n[0]) there exists an equivariant embedding of some neighborhood of x
into Pl by composition since pi−1(n[0]) has an equivariant embedding into M(r, n).
Thus the results of [16, §1] hold for pi−1(n[0]).
5. Topological properties
Let J = {1, 2, . . . ,m} be the set of indices so that the fixed points set XC∗ = {xj |
j ∈ J} yield the following filtrations.
M(r, n) = M1 ⊃M2 ⊃ · · · ⊃Mm ⊃Mm+1 = ∅, (7)
∅ = pi1 ⊂ pi2 ⊂ · · · ⊂ pim ⊂ pim+1 = pi−1(n[0]), (8)
where Mi \Mi+1 = M+i , pii+1 \ pii = M−i and the decomposition of M(r, n) (resp.
pi−1(n[0])) is given by M(r, n) =
⋃
j∈JM
+
j (resp. pi
−1(n[0]) =
⋃
j∈JM
−
j ).
Define the subsets M+≤j :=
⋃
i≤jM
+
i and M
−
≤j :=
⋃
i≤jM
−
i . Then the following
holds.
Lemma 5.1. For each j, there is an inclusion M−≤j ↪→M+≤j.
Proof. We prove the assertion by using the filtration (7). The intersection M−j ∩M+j
is the fixed point {xj}, so M−j ∩ (Mj \Mj+1) = {xj}. This means M−j ∩Mj+1 = ∅
since xj ∈Mj, xj /∈Mj+1 and Mj+1 ⊂Mj. Note that Mj+1 = M+≥j+1 so M−j ⊂M+≤j
for all j. Hence we get the inclusion M−≤j ⊂M+≤j for all j. 
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Theorem 5.2. The inclusion M−≤j ↪→ M+≤j induces isomorphisms of homology
groups with integer coefficients Hk(M
−
≤j)
∼=−→ Hk(M+≤j) for all j and all k. In par-
ticular the inclusion pi−1(n[0]) ↪→M(r, n) induces isomorphisms Hk(pi−1(n[0]))
∼=−→
Hk(M(r, n)) for all k.
Proof. We prove the theorem by induction on j.
For j = 1 the inclusion M−1 ↪→ M+1 induces an isomorphism of homology groups
Hk(M
−
1 )
∼=−→ Hk(M+1 ) for all k since M−1 and M+1 are isomorphic to affine spaces.
Suppose the inclusion M−≤j ↪→ M+≤j induces an isomorphism of homology groups
Hk(M
−
≤j)
∼=−→ Hk(M+≤j) for all k and consider the homology long exact sequences
of the pairs (M−≤j+1,M
−
≤j) and (M
+
≤j+1,M
+
≤j) respectively. We have the following
diagram
· · · Hk+1(M−≤j+1,M−≤j) Hk(M−≤j) Hk(M−≤j+1) · · ·
· · · Hk+1(M+≤j+1,M+≤j) Hk(M+≤j) Hk(M+≤j+1) · · ·
∼=
where the arrows are induced by inclusions. The middle arrow is an isomorphism
by the induction hypothesis.
M−≤j is closed in M
−
≤j+1. This follows from (6) by reversing the order of the in-
equality to meet that of the filtration (8). From [14, Proposition 2.22]
Hk(M
−
≤j+1,M
−
≤j) ∼= Hk(M−≤j+1/M−≤j, p),
where p is the point at infinity. The quotient space M−≤j+1/M
−
≤j is isomorphic to
the one-point compactification of M−j+1 that is homeomorphic to the Thom space
T (M−j+1) of M
−
j+1 [9, Ex. 138]. It follows that
Hk(M
−
≤j+1,M
−
≤j) ∼= Hk(T (M−j+1), p).
M−j+1 is isomorphic to an affine space so it is isomorphic to N|xj+1 , the normal bundle
to xj+1 in M
−
j+1. Hence
Hk(M
−
≤j+1,M
−
≤j) ∼= Hk(T (M−j+1), p) ∼= Hk(T (N|xj+1), p).
Let us denote by V (M+j+1) the tubular neighborhood of M
+
j+1 in M
+
≤j+1. By exci-
sion we get the following isomorphism
Hk(M
+
≤j+1,M
+
≤j) = Hk(M
+
≤j ∪ V (M+j+1),M+≤j) ∼= Hk(V (M+j+1), ∂V (M+j+1)),
where ∂V (M+j+1) = V (M
+
j+1) \M+j+1.
Denote by N the normal bundle of M+j+1. From the tubular neighborhood theorem
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V (M+j+1) is homeomorphic to N and M
+
j+1 is homeomorphic to the zero section of
N, see e.g. [3]. Thus
Hk(V (M
+
j+1), ∂V (M
+
j+1))
∼= Hk(N,N0) ∼= Hk(T (N), p),
where N0 ⊂ N is the complement of the zero section in N and T (N) is the Thom
space of N.
Since the point xj+1 is the deformation retract of M
+
j+1 then N deformation re-
tracts to Nxj+1 , the fibre of N at xj+1. Moreover, Nxj+1 is a deformation retract of
N|xj+1 . It follows thatHk(T (N|xj+1), p) ∼= Hk(T (Nxj+1), p) and henceHk(M−≤j+1,M−≤j) ∼=
Hk(M
+
≤j+1,M
+
≤j) for all j and all k. By the five lemma we conclude the proof. 
Lemma 5.3. M(r, n) is simply connected.
Proof. There exists a unique cell M+1 of maximal dimension that is open in M(r, n)
(see Remark 3.3). Since M+1 ⊂ M(r, n) is isomorphic to an affine space then
pi1(M
+
1 ) = 0. By [8, Theorem 12.1.5] the inclusion M
+
1 ↪→ M(r, n) induces a
surjective map pi1(M
+
1 )→ pi1(M(r, n)). Hence pi1(M(r, n)) = 0. 
Remark 5.4. Note that M(r, n) is irreducible since it is non-singular and connected.
Lemma 5.5. pi−1(n[0]) is simply connected.
Proof. Let M−m ↪→ pi−1(n[0]) be the inclusion of the cell of maximal dimension into
pi−1(n[0]). By [7, Theorem 3(a)] the induced map pi1(M−m)→ pi1(pi−1(n[0])) is an iso-
morphism. pi1(M
−
m) = 0 since M
−
m is isomorphic to an affine space. Hence pi
−1(n[0])
is simply connected. 
Theorem 5.6. pi−1(n[0]) is homotopy equivalent to M(r, n).
Proof. The inclusion pi−1(n[0]) ↪→ M(r, n) induces morphisms of homotopy groups
and we have the following diagram
· · · pik+1(M(r, n), pi−1(n[0])) pik(pi−1(n[0])) pik(M(r, n)) · · ·
· · · Hk+1(M(r, n), pi−1(n[0])) Hk(pi−1(n[0])) Hk(M(r, n)) · · ·
∼=
where the isomorphism is from Theorem 5.2 and Hk(M(r, n), pi
−1(n[0])) = 0 for all
k.
From Lemma 5.3 and Lemma 5.5, both M(r, n) and pi−1(n[0]) are 1-connected,
then using Hurewicz’s theorem we get
pi2(M(r, n)) ∼= H2(M(r, n)),
pi2(pi
−1(n[0])) ∼= H2(pi−1(n[0])).
This yields the following diagram
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pi2(pi
−1(n[0])) pi2(M(r, n)) pi2(M(r, n), pi−1(n[0])) 0
H2(pi
−1(n[0])) H2(M(r, n)) 0
∼=∼=
∼=
Hence we get pi2(M(r, n)) ∼= pi2(pi−1(n[0])) and pi2(M(r, n), pi−1(n[0])) = 0; then the
pair (M(r, n), pi−1(n[0])) is 2-connected. By the relative Hurewicz theorem we have
pi3(M(r, n), pi
−1(n[0])) ∼= H3(M(r, n), pi−1(n[0])) = 0.
Iterating this process it follows that for every k,
pik(M(r, n), pi
−1(n[0])) ∼= Hk(M(r, n), pi−1(n[0])) = 0.
Hence the long exact sequence of homotopy groups reduces to
pik(pi
−1(n[0])) pik(M(r, n))
∼=
for all k. Finally Whitehead’s theorem (see e.g. [23, page 370]) concludes the proof.

6. Moduli on toric surfaces
In this section, we provide a generalization to the study of the moduli space of
framed sheaves on a nonsingular projective toric surface S. We consider the framing
sheaf to be supported on a big and nef divisor D ⊂ S. Furthermore we assume that
there exists a projective morphism of toric surfaces p : S → P2 of degree 1.
First we study the fixed point locus of the moduli space on any toric surface
X. Then we restrict ourselves to the moduli space M(S) on the toric surface S
and construct a projective morphism from M(S) to M0(r, n), the moduli space of
ideal instantons introduced in section 2. Using this projective morphism we define
a compact subvariety N˜ of M(S) and study some topological properties, namely
singular homology and homotopy equivalence between M(S) and N˜ .
6.1. Torus action and fixed points. In this section we will construct an action
of a torus T on the moduli space of framed torsion-free sheaves M(X) on X. Here
X is a nonsingular projective toric surface. This moduli space is a quasi-projective
variety as shown in [5]. We will show that the action of T gives rise to a finite set
of fixed points (M(X))C
∗
and (Mµss(X))T .
We denote by Mµss(X) the space of semistable framed sheaves on X defined in
[4, Definition 4.5], and by Mµ-poly(X) the moduli space of polystable framed sheaves
on X.
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As shown in [4], there is a projective morphism γ from M(X) onto Mµss(X) given
as follows
γ : M −→Mµss(X) =
∐
k≥0
Mµ-poly(r, ξ, c2 − k, δ)× Symk(X \D)
(E , α) 7−→
((
grµ(E , α)
)ˇ
,ˇ Supp
(grµE )ˇ ˇ
grµE
)
,
where the support of a sheaf F counted with multiplicities is denoted by SuppF .
Note that the double dual of a µ-semistable framed torsion free sheaf is a µ-
polystable framed locally free sheaf, and the support of
(
(grµE )ˇ /ˇgrµE
)
is a point
in Symk(X \D) where k = c2(grµE )− c2
(
(grµE )ˇ
)ˇ
.
Now assume that the action of the 2-dimensional algebraic torus T 2 on X gives
rise to a finite set of isolated fixed points XT
2
= {x1, . . . , xn}, that the framing
divisor D is toric, i.e., stable under the action of T 2, and let the framing sheaf F
be locally free on D. Suppose we have an action of an r-dimensional torus T r on
F . Then this induces an action of an (r+ 2)-dimensional torus T on M(X) and on
Mµss(X).
Let us consider the action of T 2 ∼= C∗×C∗ on X. Then for any element (t1, t2) of
T 2 one has an automorphism ht1,t2 of X.
ht1,t2 : X −→ X
The action of T 2 on the sheaf E is defined by by taking the inverse image via the
automorphism h: E 7→ E ′ = (h−1t1,t2)∗E .
To define the action on the framing α let us consider the torus T r ∼= C∗×· · ·×C∗
(r-times) that acts on the framing sheaf as follows. For an element (f1, . . . , fr) ∈ T r
let Ff1,...,fr be the isomorphism of F
Ff1,...,fr : F −→ F
Then the action of T ∼= C∗ × · · · ×C∗ ((r+ 2)-times) on a pair (E , α) ∈M(X) is
defined by
(t1, t2, f1, . . . , fr) · (E , α) :=
(
(h−1t1,t2)
∗E , α′
)
,
where α′ is given by the composition of the following maps:
E ′|D = (h−1t1,t2)∗E |D
(h−1t1,t2 )
∗α−−−−−→ (h−1t1,t2)∗F −→ F
Ff1,...,fr−−−−−→ F ,
where the middle arrow is given by the action of T 2 under which F is stable.
The T action is defined in a similar way on Mµss(X), namely the torus action on
Mµ-poly(X) is the same as the action on M(X) and the action of T 2 on Symk(X \D)
is induced from that on X since D is T 2-invariant. It is possible to check that the
map γ is equivariant, i.e., γ commutes with the torus action. Indeed for a framed
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shead (E , α) ∈M(X), the following two compositions agree:
(E , α)
γ7−→
((
grµ(E , α)
)ˇ
,ˇ Supp
(grµE )ˇ ˇ
grµE
)
torus action7−−−−−−→((
(h−1t1,t2)
∗(grµE )ˇ ,ˇ (grµα)′
)
, ht1,t2 Supp
(grµE )ˇ ˇ
grµE
)
,
(E , α)
torus action7−−−−−−→ ((h−1t1,t2)∗E , α′) γ7−→((
grµ
(
(h−1t1,t2)
∗E , α′
))ˇ
,ˇ Supp
(
grµ
(
(h−1t1,t2)
∗E
))ˇ
ˇ
grµ
(
(h−1t1,t2)
∗E
) ).
This is because the torus action is compatible with the Jordan-Ho¨lder filtration
and with the double dual. The torus action on the support of a sheaf gives the
support of a sheaf acted on by the torus action.
Lemma 6.1. The fixed points set (M(X))T consists of finitely many points. The
same holds for (Mµss(X))T .
Proof. A framed sheaf (E , α) is fixed if it can be written in the form (E , α) =
(E1, α1)⊕· · ·⊕ (Er, , αr) such that Ei = Ii⊗O(Ci). Here Ci is a T 2-invariant divisor
that does not intersect D, Ii is the ideal sheaf of a zero dimensional subscheme Zi
in X \D, and αi is an isomorphism Ei|D
∼=−→ Fi, where Fi are rank one locally free
subsheaves of F supported on D such that the direct sum
⊕r
i=1Fi = F . Note that
the sheaf F decomposes into such a direct sum since it is locally free on a toric
divisor in X that is a a smooth curve.
The ideal sheaves Ii are fixed if they are generated by monomials in the homoge-
neous coordinate ring (Cox ring) of X. These monomials are finite and hence the
ideal sheaves Ii form a finite family. Moreover, the Picard group of a compact pro-
jective variety is generated by a finite number of divisors [22, Corollary 2.5]. Hence
Ei = Ii ⊗ O(Ci) form a finite family. As a result the fixed points set of M(X) is
finite.
Now regarding Mµ-poly(r, ξ, c2 − k, δ) as an open subset of M(X) with the cor-
responding invariants, the set of its fixed points is finite. A framed sheaf (E , α) ∈
Mµ-poly(r, ξ, c2−k, δ) is fixed if is it given as above, hence E =
⊕r
i=1 Ei =
⊕r
i=1(Ii⊗
OX(Ci)). Since E is locally free then so is Ii for each i. We have Ii ∼= Iiˇ ˇ∼= OX ,
hence E =
⊕r
i=1OX(Ci).
The fixed points set of Symk(X\D) is finite sinceXT is. It follows that (Mµss(X))T
is finite. 
Remark 6.2. From Lemma 6.1 it follows that N := γ−1
(
(Mµss(X))T
)
contains all
the fixed points of M(X) since γ is equivariant. This fact will not be needed in
what follows.
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6.2. Constructing a projective morphism. In this section we will restrict our-
selves to a toric surface S admiting a projective morphism of toric surfaces p : S →
P2 of degree 1. An example of these surfaces is the iterated toric blowup of P2,
i.e, the iterated blowup along a set of points that are fixed under the torus action.
We will also assume that the framing sheaf is free F = O⊕rD . Note that under the
assumptions above the direct image of the framing sheaf on D is isomorphic to the
framing sheaf on l∞.
We will construct a projective morphism from the moduli space M(S) of framed
torsion-free sheaves on S to M0(r, n), the moduli space defined in section 2. To this
end we will follow the construction in [20, Appendix F].
Next we will show that there exists a morphism between M(S) and M0(r, n) and
prove it is projective.
Let M(r, c1, n) be the moduli space of H-stable sheaves E on P2 with rank
r := rkE , first Chern class c1 := c1(E ) and discriminant n := c2(E )− r−12r c1(E )2. As-
suming that the degree and the rank of a stable sheaf are coprime the moduli space
consists of µ-stable sheaves. We define Mloc(r, c1, n) the subscheme of M(r, c1, n)
consisting of µ-stable locally free sheaves.
Let M˜(r, p∗c1 + kC, n) be the moduli space of (H − C)-stable sheaves E on S of
rank r, first Chern class c1(E ) = p∗c1 +kC, and discriminant n := c2(E )− r−12r c1(E )2.
Here C is a (reducible) divisor on S that does not intersect D, k is an integer and
 is sufficiently small.
6.2.1. Uhlenbeck compactification of Mloc(r, c1, n). We define the Uhlenbeck com-
pactification of the the moduli space of locally-free sheaves M0(r, c1, n) as follows.
M0(r, c1, n) :=
⊔
l
Mloc(r, c1, n− l)× Syml(P2).
Li proved the following theorem in the general setting of moduli spaces on pro-
jective surfaces, see [17, 18]. Here is Li’s theorem for our moduli spaces.
Theorem 6.3. (1) M0(r, c1, n) is a projective scheme.
(2) There is a projective morphism
pi : M(r, c1, n) −→M0(r, c1, n) (9)
E 7−→ (Eˇˇ , Supp(Eˇˇ/E )).
When the first Chern class is zero, the morphism (9) reduces to the morphism (4)
defined in section 2. This morphism will allow us define a new morphism pi from
the moduli space of µ-stable sheaves on S to M0(r, c1, n).
6.2.2. Defining a morphism pi. In this section we will assume that the first Chern
class c1 = k · C and 0 ≤ k < r. For a sufficiently large l such that l = k modulo r,
16 GHARCHIA ABDELLAOUI
we define the following morphism
β : M˜(r, k, n˜) −→M(r, n)
E 7−→ p∗E (−lC).
The composition of β with the morphism pi defined in (9) gives the following
morphism
pi : M˜(r, k, n˜)→M0(r, n) (10)
E 7→
(
(p∗E (−lC))ˇ ,ˇ Supp (p∗E (−lC))ˇˇ
p∗E (−lC)
)
.
In the next section we will show how the morphism (10) restricts to a morphism
between moduli spaces of framed sheaves and show it is projective.
Remark 6.4. Note that the definition of the morphism pi relies on Lemma A.2.
Using this lemma together with the Grothendieck-Riemann-Roch theorem, one can
compute n in terms of k and n˜. Moreover, by the same arguments one can show
that the morphism pi does not depend on the choice of l. This holds since we are
assuming that l is equal to k modulo r.
6.2.3. pi for framed sheaves. Before getting to the definition of the morphism pi for
framed sheaves, we will need a few results.
Lemma 6.5 (Lemma F.19 [20]). Denote by δ1 the leading coefficient of the polyno-
mial δ. Assume that δ1  1, then the following holds
(1) For a semistable framed sheaf (E , α), E is torsion-free.
(2) All torsion-free µ-semistable sheaves are µ stable.
This lemma yields Lemma F.20 in [20]. This works in our case too. Hence using
Lemma 6.5 we have the following result.
Lemma 6.6. Assume that δ1  1. If  > 0 depending on δ1 and ch(E) is suffi-
ciently small, then (E , α) is semistable with respect to H − C and δ if and only if
(p∗E (−lC), α) is semistable with respect to H and δ. In particular, the moduli space
of framed torsion-free sheaves on S is contained in the moduli space of semistable
pairs on S.
This lemma states that β sends semistable framed sheaves on S to semistable
framed sheaves on P2. Hence it extends to a morphism between moduli spaces of
semistable sheaves on S and on P2. Since these moduli spaces are projective, β is
a projective morphism. In other words, we have a projective morphism, that we
denote β for simplicity, from the moduli space of framed sheaves on S to the moduli
space of framed sheaves on P2.
β : M(S) −→M(r, n) (11)
(E , α) 7−→ (p∗E (−lC), φ),
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where the framing φ is given by
φ : p∗E (−lC)|`∞
∼=−→ p∗O⊕rS (−lC)|`∞ ∼= O⊕r`∞ , (12)
since p∗OS(−lC) is isomorphic to OP2 .
On the other hand, the morphism pi defined in (4) is projective, so the composition
pi ◦ β is projective. Hence we have proved the following theorem.
Theorem 6.7. There is a projective morphism
pi : M(S) →M0(r, n) (13)
(E , α) 7→
((
(p∗E (−lC))ˇ ,ˇ φ
)
, Supp
(p∗E (−lC))ˇˇ
p∗E (−lC)
)
,
where the framing φ is given by (12).
Remark 6.8. The map pi is equivariant under the torus action since β is.
In the next section, using this morphism we will study some topological properties
of the moduli space of framed torsion-free sheaves on S.
6.3. Some topological properties. In this section, we define the subvariety N˜ of
M(S) that is the inverse image by pi of the fixed point of M0(r, n). We show that
both M(S) and N˜ admit a filtrable Bia lynicki-Birula decomposition. It is enough
to consider the action of a regular one-parameter subgroup λ ⊂ T as in Section 4.
Therefore, we will consider the action of C∗ on M(S) and on N˜ .
Having established the projective morphism pi, we define the inverse image
N˜ := pi−1(n[0])
of the fixed point n[0] of M0(r, n). Then N˜ is a compact subvariety of M(S).
Proposition 6.9. For every element x ∈M(S), the limit limt→0 t · x exists and lies
in M(S)C
∗
.
Proof. The proof of this proposition goes through the same lines as that of Propo-
sition 4.1. 
Theorem 6.10. M(S) admits a Bia lynicki-Birula plus-decomposition into affine
spaces. Moreover, this decomposition is filtrable.
Proof. The theorem follows by using Proposition 6.9 and proceeding as in the proof
of Theorem 4.2. 
Corollary 6.11. M(S) is simply connected and irreducible.
Proof. The simple connectedness of M(S) is shown using the same arguments as in
the proof of Theorem 5.3.
M(S) is irreducible since it is nonsingular and connected. 
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Now suppose M(S)C
∗
= {xi | i = 1, . . . ,m} and denote the cells of the decompo-
sition by
M(S)+i := M(S)
+
i = {x ∈M(S) | lim
t→0
t · x = xi}.
The limit limt→∞ t · x does not exist for all x ∈ M(S). We will only consider the
points of M(S) such that the limit exists. These points define the subspaces
M(S)−i := M(S)
−
i = {x ∈M(S) | lim
t→∞
t · x exists and equals xi}.
Theorem 6.12. The subvariety N˜ is the union N˜ =
⋃
iM(S)
−
i . Moreover, this is
a filtrable decomposition of N˜ into affine spaces.
Proof. From [20, Theorem 3.5(3)] any x 6= n[0] in M0(r, n) the limit limt→∞ t ·x does
not exist. Hence by the projective morphism p˜i we deduce that N˜ =
⋃
iM(S)
−
i . To
show this is a filtrable decomposition, the proof goes through the same lines as that
of Theorem 4.3. 
Let J = {1, 2, . . . ,m} be the set of indices so that the fixed points set XC∗ = {xj |
j ∈ J} be ordered to yield the following filtrations
M(S) = M(S)1 ⊃M(S)2 ⊃ · · · ⊃M(S)m ⊃M(S)m+1 = ∅,
∅ = γ1 ⊂ γ2 ⊂ · · · ⊂ γm ⊂ γm+1 = N˜ ,
where M(S)i \ M(S)i+1 = M(S)+i , γi+1 \ γi = M(S)−i and the decomposition of
M(S)
(
resp. N˜
)
is given by M(S) =
⋃
j∈JM(S)
+
j
(
resp. N˜ =
⋃
j∈JM(S)
−
j
)
.
Define the subsets M(S)+≤j :=
⋃
i≤jM(S)
+
i and M(S)
−
≤j :=
⋃
i≤jM(S)
−
i . Then all
the results in Section 5 hold and the proofs of the following are basically the same.
Lemma 6.13. For each j, there is an inclusion M(S)−≤j ↪→M(S)+≤j.
Theorem 6.14. The inclusion M(S)−≤j ↪→M(S)+≤j induces isomorphisms of homol-
ogy groups with integer coefficients Hk(M(S)
−
≤j)
∼=−→ Hk(M(S)+≤j) for all j and all k.
In particular the inclusion N˜ ↪→M(S) induces isomorphisms Hk(N˜)
∼=−→ Hk(M(S))
for all k.
Proof. Using Lemma 6.13 the proof is the same as that of Theorem 5.2. 
Lemma 6.15. N˜ is simply connected.
Theorem 6.16. N˜ is homotopy equivalent to M(S).
7. Concluding remarks
The results of Section 5 and 6 hold for all the moduli spaces on nonsingular
projective toric surfaces X having a projective morphism onto M0(r, n) which is
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equivariant under the torus action. Indeed, to generalize these results it is enough
to construct a projective morphism
pi : M(X)→M0(r, n).
However, this may not be an easy task.
As we have seen in the last section, to construct such a morphism we have con-
sidered the morphism
β : M(X) −→M(r, n)
E 7−→ p∗E (−lC), (14)
for a sufficiently large l.
It is to notice that when the morphism p is not of degree 1, the direct image of
the structure sheaf p∗OX(−lC) is not in general isomorphic to OP2 . In this case a
morphism defined as in (14) does not do the job since we end up in a moduli space
different from M(r, n).
The reason for constructing a morphism pi lies in the fact that the moduli space
M0(r, n) has a unique fixed point n[0] and the fiber over it defines a compact subvari-
ety containing all the fixed points of the moduli space we are considering. Moreover
M0(r, n) has a description into ADHM data that was intensively used in the proofs
of the results in the last two sections.
Appendix A. Useful statements
Lemma A.1. Let X be a smooth projective surface and let
0 −→ F −→ F ′ −→ Q −→ 0,
be an exact sequence of sheaves of OX-modules where F is torsion free, F ′ is reflex-
ive (equivalently locally free since every reflexive sheaf on a surface is locally free) of
the same rank and Q is zero dimensional; then F ′ ∼= Fˇˇ .
Proof. Dualizing the exact sequence 0 −→ F −→ F ′ −→ Q −→ 0, i.e. applying
the functor H om(·,OX), we get
0 −→H om(F ′,OX) −→H om(F ,OX) −→ E xt1(Q,OX) −→ 0.
Note that H om(Q,OX) = 0, and E xt1(F ,G ) = 0 for any coherent sheaf G , where
F is locally free [13, Chap. III, Ex. 6.5(a)], in particular E xt1(F ′,OX) vanishes.
We then get
0 −→ F ′ˇ −→ Fˇ−→ Q′ −→ 0,
where Q′ := E xt1(Q,OX) is a zero dimensional sheaf. Call S the support of Q′
then S ⊂ X is a closed subset of codimension 2.
Since Fˇ and F ′ˇ are reflexive then by [12, Prop.1.6] they are normal. Hence for
every open U ⊂ X, we have
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0 F ′ˇ (U) F (ˇU) Q′(U) 0
0 F ′ˇ (U \ S) F (ˇU \ S) Q′(U \ S) 0
∼= ∼=
Note that Q′(U \ S) = 0 since Q′ is supported on S. Thus the injective morphism
F ′ˇ (U \ S)→ F (ˇU \ S) is an isomorphism. This yields an isomorphism F ′ˇ (U) ∼=−→
F (ˇU) and we get Q′(U) = E xt1(Q,OX)(U) = 0 for every open subset U ⊂ X.
Hence we find Q′ = E xt1(Q,OX) = 0 and F ′ˇ
∼=−→ F .ˇ Dualizing again one gets
F ′ ∼= Fˇˇ . Since F ′ is reflexive it follows that F ′ ∼= Fˇˇ . 
Lemma A.2. There is an integer l0 such that for any E ∈ M˜(r, k, n) and any l ≥ l0,
we have:
(1) R1p∗E (−lC) = 0
(2) There is a canonical inclusion E (−lC) ↪→ p∗(p∗E (−lC))ˇ .ˇ
(3)
(
p∗E (−lC)
)ˇ
ˇ∼= (p∗E )ˇ .ˇ
Proof. Note that E (−lC) = E (l) since the ideal sheaf of the exceptional divisor C
on S is given by OS(−C) = OS(1) see [11, IV, Lemma 4.1.(b)].
(1) The proof can be found in [13, III. Theorem 8.8.(c)]
(2) From [13, III. Theorem 8.8.(a)] the natural map p∗p∗E (−lC) −→ E (−lC)
is surjective, hence one gets an exact sequence:
0 −→ T −→ p∗p∗E (−lC) −→ E (−lC) −→ 0.
Since p∗p∗E (−lC) and E (−lC) have the same rank, it follows that T is a tor-
sion sheaf, but p∗p∗E (−lC) is torsion free, then T = 0 and p∗p∗E (−lC) −→
E (−lC) is an isomorphism.
On the other hand, there is a canonical inclusion p∗(p∗E (−lC)) ↪→ p∗
(
p∗E (−lC)
)ˇ
,ˇ
so we have the following diagram
p∗p∗E (−lC) p∗
(
p∗E (−lC)
)ˇ
ˇ
E (−lC)
'
Hence the dotted arrow is injective and we get the inclusion E (−lC) ↪→
p∗
(
p∗E (−lC)
)ˇ
.ˇ
(3) Using the inclusion above, and taking the cokernel, one gets the exact se-
quence
0 −→ E (−lC) −→ p∗(p∗E (−lC))ˇˇ−→ Q −→ 0.
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Tensoring by OS(lC) and applying the direct image, the above exact sequence
gives
0 −→ p∗E −→ p∗
(
p∗
(
p∗E (−lC)
)ˇ
ˇ⊗ OS(lC)
) −→ · · ·
On the other hand, p∗OS(lC) = p∗OS(−l) = OS see [6, page 76]. Hence,
substituting and taking the quotient in the above exact sequence, one gets
the short exact sequence
0 −→ p∗E −→
(
p∗E (−lC)
)ˇ
ˇ−→ Q′ −→ 0.
Notice that p∗E is torsion free and
(
p∗E (−lC)
)ˇ
ˇ is locally free of the
same rank, Q′ is supported on points, then using Lemma A.1, we get the
isomorphism
(
p∗E (−lC)
)ˇ
ˇ∼= (p∗E )ˇ .ˇ 
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